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Abstract

We provide two demonstrations of reconstruction procedures of objects contained in
unopened containers by using rays from a source surrounding them. Mathematically, the objects
can be viewed as real-valued functions in three dimensions, the containers as compact support set
and the ray source as the helix with radius one. The procedures are in cylindrical coordinate

approaches and the results will be shown in two certain functions with comparisons between them.
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Introduction

The studies of viewing an unknown object located inside unopened containers is called
computed tomography, namely, recovering tissues inside human bodies or reconstructing velocities
of blood flows which are in a study of medical imaging. Mathematically, the tissues or other objects
can be thought of as three dimensional real-valued functions f: R’ — R® and the velocities of
blood flows in the latter example as three dimensional vector-valued functions g:R> — R’
which is in vector field tomography studies. Tomography is used not only in medical imaging but
also in atmospheric science, geophysics or oceanography. In this work, we will focus on the former
case which is the reconstruction of the real-valued functions.

To achieve the image of f we place the ray source or a curve surround it and consequently,
the source is excited so as to it produces the rays and these rays will pass through the object. The
rays will be collected by the detector at the opposite side of the source. The images are produced
by processing these collected rays, sometimes called data, with Matlab algorithms. Indeed, we let
f: R®> — R’ be a function restricted in a compact support Q. A ray with stating point @ on a

curve is the following line integral:

fla+t0)dt (1)

S gy 8

where @€ S' is the direction of the ray and S' denote the set of unit sphere in R*. A

visualization of the process is as follow:

Figure 1. A visualization of the reconstruction formula

In figure 1, the black colour represents the object that is of interested in to obtain the
image and the helix is the ray source.

One of many procedures, first, uses the inverse Fourier transform and change that setting
to spherical coordinate to obtain the rays as in Tuy (1983), Grangeat (1991), Kak & Slaney (1999),
Katsevich (2002), Katsevich (2004), and Thongsri et al. (2018). This approach has contributed many
reconstruction formulas in cluding the most effective ones, see Katsevich (2002) and Katsevich

(2004). In Thongsri et al. (2018) another approach which is the cylindrical coordiante setting has
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been proposed and some remarks involving comparisions has been mentioned such as the
difference uses of certain finctions between them and yet the demonstration has not been shown.
In this work, we will choose two functions:

f ‘R’ > R,f(x,y,z)z x? er3 —z,(x,y,z)e R’
and

f:R > R,g(x,y,z)z x4+’ —Z,(x,y,z)e R,
These two functions are examples of three dimensional real-valued functions with different figures,
different meanings and also different uses. The results show their images, the analyticities of the

processes and comparisons in different uses.

Objective
To illustrate the reconstruction formula in cylindrical coordinate system by using information
from the rays used in the procedures. The illustrations will be shown in two different functions with

3d images, the computations and comparisons with different uses.

Methodology
For the background, besides Euclidean coordinate in three-dimensional space we introduce

two well-known coordinates which are spherical and cylindrical coordinates. The spherical

coordinate is a coordinate system that specify a point X er’ by the radial distance, the polar

angle and the azimuth angle. In notation, any  x can be written as
X = (r coscosg,rsinfsin @,sin ¢),

where0<r<o0, 0<0<L27,—n/2<P<7x/2, and ris the radial distance, @ is the polar
angle and @ is the azimuth angle, respectively. This coordinate is appropriated for the 3d object
circle-liked shape. Another coordinate is cylindrical coordinate which is the system that any point

3
X € R’ can be expressed as
x=(rcosd,rsinb,z)

where 0<7 <00, 0<@<2x, and zis the third component in the Euclidean coordinate. Here
only polar angle will be used and hence this coordinate is suitable for cylindrical-liked shape or
have some rotational symmetry about the longitude axis such as water flow in a straight pipe with
round cross-section, blood flow in arteries heat distribution in a metal cylinder.

To obtain the image of any three dimensional real-valued function f°, at a point X er’

its Fourier transform plays a major role to do so which is

F©)=[fx)e>™ax,
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where < .,.> isthe inner product in R®. The Fourier transform is that decompose a function of
time into the frequencies relevant to it. It is a tool to reconstruct f itself via the inverse Fourier

transform which is the following:

fx)=[f(g)emdg. @

In Tuy (1983), Grangeat (1991), and Katsevich (2002), the process will begin with formula (2)
and consequently, the integral will be evaluated in spherical coordinate to gain the rays from the
curve. Let D denote the curve surrounding the compact support of the object. The authors placed
the conditions for the curve in order to obtain the effective reconstruction formula as follows:

1) The curve is outside the regions.

2) The curve is bounded, continuous and almost everywhere differentiable.
3) For all (x,ﬂ) inQx S", there exist 4 in A, such that<x,ﬁ'>=<q)'(/1),ﬂ>¢ 0.
Defineh: R°XR—>R by
h(ar, 2)=[ f(@(2)+ta)dt
0

and H be its Fourier transform in the first coordinate, i.e.

H(£,4)= [h(a,2)e” ™" da 3)
R3

We observe that £ in the first coordinate is identical to the line integral (1) where the second

coordinate tells us the parameter on the curve.

The reconstruction formula for this case is

_271'71'/2 1 ' 8H(ﬂ,ﬂ)
flx)= ! _;J./zcos¢2ﬂi W o dgdo .

In Thongsri et al. (2018), the authors followed same conditions on the curve as in Katsevich (2002)
and Katsevich (2004), consequently instead of using the spherical coordinate, they used the

cylindrical one and the reconstruction formula has been shown as:

272

f(x)=[[H(B,2)dz a0,

00
where = (COS@, sin 19,2),0 <r<ow,0<z<27 and 0<O <27 .HereAd isthe variable on

the curve @ and H is defined in (3). Moreover, the alternative form of (3) is
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H(B,4)= [ rf (rp)e ™" D" dr 5)
0

Results
We will demonstrate the procedures of the reconstruction formula in cylindrical coordinate
approach with two certain real- valued functions and compare their different uses. The following
functions are chosen due to different features and smoothness.

Let us consider the first real-valued function, f : R® = R, defined by, for (x, y,z) e R,
ey x—y+z,if ||(x,y,z)||2 <4

f(xp,z)=

0 ,otherwise

We restricted the function in the region —2<x<2,-2<y<2 'and —2<z<2 and the

3d image can be viewed as the following:

Figure 2. The 3d image of f

The ray in (1) for this case is

0

h(y,0)=[ f(y+16)dt, (6)

0

where y in the formula is a point on the curve.

The domain of f leads to the calculation of the ray by considering the inequality

lv+e6]" <4.

We see that

||J/"i't9||2 :t2(6’12+922 +932)+2t(91J’1 +6,y, +93J’3)+(y12 +) +y32)
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and since @ is a unit vector, 6’12 + 6?22 + 6?32 =1 and it follows that the limitations of the rays is

the solutions of the following quadratic equation

1’ +2<0,y>t+C=4,

Where B = <9, y> waz C =y +y;+yi = ||y||2 The solutions to the equation are

Therefore, the ray in (6) becomes

(.0)= [0 M0 (4 4 3,)41(0,0, 4.0, ™

h

Thus, by integration we obtain

h(.0)=e™" ) 4 2D(t, - 1)+ = (¢ -1

h(y,0)=e" " 1 2D(t, - t) +§(t22 —t7)
and since t, —t, =2/ B> —(C—4) ,t, +1, =—2B, (7) becomes

D+2E+B*~(C-4)

(. 9)=eT+2Dq/Bz —(C-4)-2EB*-(C-4), ()

where

D=y +y,+y,, E=60+6,+06,.

The second function that is of interest is

g:R3 —> R, g(x,y,z):x2 +y2 —22,()c,y,z)eR3

with the same domain as in the first example and its 3d image can be viewed as:

Figure 3. The 3d image of g
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Thus, the ray for this function is
h(y,0)= jg(y +10)dt .
0

By using the same calculated fashion asin f , we obtain

I (7,0)= j [, +262 )+ (y, + 202 )y, + 262 ) at

]

(y1 +16, )3 N (y2 +t6’2)3 3 (y3 +16, )4
36, 36, 40,

5}

9

By substituting ¢, and ¢, into (9), hz(y,é’) reads

hz(y,H)zé[?)ylz@l(tz _t1)+3371912(t22 _t12)+ 913(t§ _tf)]
1
+ 319 [3y§92(t2 _t1)+3y2022(t22 _t12)+ 923(&3 _tlz’)] (10)
2

490, = 0)+ 603026 - ) 403w 6 ) ot - )]

3

where

t,—t, =2,B*—(C—-4)

£~} =—-4B\B*—(C-4)

-t =2B —(C-4)(4B> —C +4)

ti 1t =—4B\[B* —(C-4)4B> -2(C-4)).

The results show that /,(),@) in (8) has restrictions with the direction € = (6’1,6’2,(93) which is
E=0,+0,-0, must be nonzero and h,(y,0) in (10) has restrictions with the direction
0= ((91,(92,93) which is each 6,,0,, and @; must be nonzero. These mean that the restrictions
for h, is weaker than the restrictions for A, because the set of @ where each 6,,6,,0, is
nonzero is smaller than of the set of @ for which E # 0. This leads to the reconstruction of f°
is less complicated compare to the reconstruction of g. One can roughly view that the 3d image

of f is more sophisticated than the one for g, however, the processes for the reconstruction

formula are on the other hand.

Conclusions

In conclusions, we illustrate the procedures of the reconstruction formula of a real-valued
function in three dimensional in cylindrical coordinate approach by showing two different rays used
in the processes. The information from the rays tell us how sophisticated of each process is. The

rays are produced from two different real-valued functions. The first function viewed for the image
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is more complicated than the second one, nevertheless, the process in the reconstruction is simpler
than the second one.
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