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Abstract

In this paper, integral representations of the Pell number B .. and the Pell-Lucas number Q,,.,

n+r

are presented. Using Binet’s formula for the Pell and Pell-Lucas numbers establishes some identities

equipped with using simple integral calculus prove the integral representations.
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Introduction

Several integer sequences are all practical branches of modern science. For instance, the Fibonacci
and the Lucas sequence are a well-known mathematical series that has been extensively researched in the
literatures. The Fibonacci sequence has been generalized in a variety of ways, including preserving the initial
conditions and the recurrence relation. Recall that the nth Fibonacci number F, is defined by the
recurrence relation F,=F  +F ,, for all N>2 with F,=0 and F =1. It is well known that the

representations of the Fibonacci numbers are given by the following two identities:

Binet’s formula (Koshy, 2018) for the Fibonacci number is

F :i n (_1) 1“1‘\/5, a

a — , Where o =
"5 a" 2

nd

Simpson formula or Cassini identity for the Fibonacci number is

I:n—l I:n+1 - I:n2 = (_1)” :

The nth Lucas number L, is defined by the recurrence relation L, =L, , +L,,, for N>2 with
L,=2 and L =1

Binet’s formula (Koshy, 2018) for the Lucas number is

n

n (_1)" 1+\/g
2

L,=a" +——, where a =
a

Simpson formula for the Lucas number is

Ly Ly, — L2 =5(-1)""

n-1 =n+1 =
In 2015 (Glasser and Zhou, 2015) Glasser and Zhou have given an integral representation for the

Fibonacci number:

ok | 2 (S0l ) sl

"5l 2 7o X 5sin? X + OS2 X

Moreover, integral representations for the even and odd terms in the Fibonacci number are

o b 2t s A,

N 5sin? X + os? X

L[ﬁﬂrﬂ L Iw[sin(xlz)]{sin[(Zn +1)x sin X]dx,

Fyon = 2 ,
SN 7 J0 X 5sin? X + cos? X
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where N is a non-negative integer.

In 2022 (Stewart, 2022) Stewart has used the connection between the Fibonacci numbers, the Lucas

L ++/5F,
2

numbers, the golden ratio a" = , and identity Lf1—5F,12=4(—1)n to give the integral

representations of the Fibonacci number F, and Lucas number L, :
Fo=DR (L +BRx) d
kn—z—nf_l(  +VBFX) X

L, =2inj_ll(|_k +(n+1)VBFRX)(L, +£Fkx)"71dx,

where N is a non-negative integer and K is a positive integer. The special cases of such identities for k =1
are also discussed in Stewart’s paper (Stewart, 2023). Moreover, other integral representations for the

Fibonacci number F and Lucas number L

kn+r kn+r *

Fiove = (TR FiLy + (1 )VBF, Fox) (L, +VBRx) o,
v =g (SR Lo +(n+ DB, L)L, +BFx)” o,

where N, I are non-negative integers and K is a positive integer (Stewart, 2022).

Like Fibonacci and Lucas numbers, the Pell family is widely used. Pell and Pell-Lucas numbers also
provide boundless opportunities to experiment, explore, and conjecture. Further details can be found, for
instance, (Trojnar-Spelina and Wtoch, 2019; Erduvan and Keskin, 2022). The nth Pell number P, and the n

(1+«@)n—(1—ﬁ)n

th Pell-Lucas number Q, are explicitly given by the Binet-type formulas: P, = 2\/5 and

Q.= (1+ \E)n + (1 - \E)n , respectively.

In this paper, we give new integral representations that have never existed before of the Pell number
and the Pell-Lucas number by using Binet’s formula for the Pell and Pell-Lucas numbers to establish some

identities and simple integral calculus to prove them.

Preliminaries

In this section, we briefly recall some of the concepts and results that we will require.

The nth Pell number P, is defined by the recurrence relation P, =2P, , + P, ,, for N>2 with
P,=0 and B, =1. The first few terms of the sequence are 0, 1, 2, 5, 12, 29, 70, 169, 408, 985,...
Binet’s formula (Bicknell, 1915) for the Pell number is

(1.1)

where @ =1+ J2.

Fvanslae Aol Inenmans 1/74731//5/7@”5/@1/5‘57%5717


https://www.researchgate.net/scientific-contributions/Iwona-Wloch-76359793?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19

276 | Journal of Science and Science Education Vol. 7 No. 2 (Jul. — Dec. 2024)

Simpson formula (Horadam, 1971) for the Pell number is
Pn—l I:)m—l - I:)nz = (_1)" .

The nth Pell-Lucas number Q, is defined by the recurrence relation Q, =2Q, , +Q, ,, for N2 2
with Q, =2 and Q, =2. The first few terms of the sequence are 2, 2, 6, 14, 34, 82, 198, 478,...Binet’s

formula (Bicknell, 1915) for the Pell-Lucas number is

-1)"
Qn =¢n +( n) ! (1.2)
@

where @ =1+ V2.

Simpson formula (Horadam and Mahon, 1985) for the Pell-Lucas number is
+1
Qn—l Qn+l - Qr? = 8(_1)n .

Lemma 2.1 Let n be a non-negative integer. Then the following hold:

1. ¢n :Qr1+T\/§R1’

2. Q2 —-8P? =4(-1)",

3, %z%(Qn ~8R,).

Proof. 1. Combining Binet’s formula for the Pell (1.1) and Pell-Lucas numbers (1.2), gives

Qn+2ﬁpnz(¢"+(;—ln)n}+[¢"—ﬂjz 2¢".

Q
Q, +\/§Pn

Then " :T which completes the proof.

2. Squaring both sides of Binet’s formula for the Pell (1.1) and Pell-Lucas numbers (1.2) and

subtracting them, give
Q?-8P? = [gf“ +2(-1) +[(_—1)THJ—{¢2“ ~2(-1)" +(ﬂjm} =4(-1)",

which completes the proof.
3. It follows from (1) that

1 2 _Z(Qn—\/gpn)_Z(Qn—x@Pn) (1)
¢ Q+V8P, Q78R  4(1) 2 (@ -8R

Lemma 2.2 Let mand r be non-negative integers. Then the following hold:

1. 2P,,,=P.Q, +PQ,,
2. 2Q..,=Q,Q, +8P.P.
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Proof. Using Binet’s formula for the Pell (1.1) and Pell-Lucas numbers (1.2), we get

o )

S O I

Main Results

In the first of this section, the integral representation for the Pell number B can be found by

employing other known relations between the two numbers B, and Q, .

Theorem 3.1 For n is a non-negative integer and K is a positive integer, the Pell number R, can be

represented by the integral

Po = n;k fl(Qk +«/§ka)n_ldx. (3.1)

Proof. Straightforward simple integration leads to

it [ +\/§PkX)de L L—Qk +*/§Pka _ 1 (Qk +*/§ij _[Qk _2\/§pk J . (3.2)

2" J8 2 J8 2

Applying Lemma 2.1 (1) and (3) in (3.2) with n replaced with K, and replace k by kn yields

ST BRx) o i((ﬂk —ﬂJ - i{wk" —ﬂ] _p,.

2" V8 @ J8 @

This completes the proof.

The integral representations of the Pell number for even and odd orders are shown as follow:
Corollary 3.2 Let n be a non-negative integer.

1. The Pell number P,, can be represented by the integral

P, = nfl(3+\/§x)nfldx. (3.3)
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2. The Pell number P, ., can be represented by the integral

Pyt =%J'_11(2n+3+(n +1)\/§x)(3+\/§x)n_1 dx. (3.0)

Proof. 1. Notice that P,=2 and Q,=6. Setting K =2 in (3.1) gives

P, =

n

nZF:z J'_ll(Q2 +\/§P2x)n’1dx
n J'_ll(6+2\/§x)nildx

= 2n—1

= nJ:ll(B + \/§x)nfldx.

Thus, (3.3) holds.
2. Reindexing of n by N+1in (3.3), we get

Pp.s =(N +1)jjl(3+\/§x)ndx. (3.5)

Using P,,,, =2P,,,, + P, with (3.3) and (3.5), we obtain

n+2

1
P2n+1 = E(P2n+2 - P2n)

= %((n + 1) fl(B + \/§x)ndx — nfl(S + \/gx)n_ldx)
- %fll(Zn +3+(n +1)\/§x)(3+ \/§x)n71 dx.

This completes the proof.

n-1
Remark 3.3 As in Corollary 3.2 (1), B,, is product of n and the region under a curve Y, (X) = (3+\/§X)

between —1 and 1. Indeed, (3.3) becomes

P, = n_[_l1 y, dx.

For example, see Figure 1.

Figure 1 The region under a curve of Y, (X) with =1<Xx<1 for n=1,2,3.
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Next, we provide the integral representations for the Pell-Lucas number Q,, based on the two
numbers B, and Q, .

Theorem 3.4 For n is a non-negative integer and K is a positive integer, the Pell-Lucas number Q,, canbe
represented by the integral

Qu = [[,(Q +(n+1)vBRxX)(Q. +vBRX) o 6

Proof. Replacing n by N+1 in (3.1) becomes

(n+1)PR,
i

kn+k —

“[* (Qc +VBRx) dx (3.7)

Integrating by part (3.6) and using (3.7), we have

2—1n _11(Qk +(n +1)J§ka)(Qk +\/§ka)nfl dx

(Qk+fpkxjn(Qk+<n+1>J§ka)} - (Qu #BR) o

1
/8P,

1 Q \/§Pk n 1 Qk_\/gpk kn+k
N +2 J(QW(””)*@Pk)‘n\/gpk[ 5 J( (n+1)fP) e,

Applying Lemma 2.1 (1) and (2) to the righthand side of the above equation gives

1ir Q + n+1)+/8P x Q +\/§Pxn_ldx
L1 (@ +(n+1)ERx)(@, + BRx)

=n\/1§P ¢ (Q, +(n+1)VBR, ) - - (_1)n( ~(n+ 1)IP) 2Pk

N8P, ¢ nP,

1 1 4 kn 1 (_1)kn (_1)kn 2Pk k
= —| = 1)p"P, —— 1)L p, |-tk
nPk |:\/§(0 Qk+(n+ )(0 k \/g (pkn Qk+(n+ ) (pkn k nPk

_afaf . () o (D75 | 2P
B npk{ﬁ[(p o JQR+(n+1)[¢ T ka] np,

Applying both Binet’s formulas (1.1) and (1.2) with n replaced by kn and Lemma 2.2 (1) leads to

zin _11(Qk +(n+1)v8xR.)(Q, +\/§PkX)de - [ +(n+1) Pan]_%
k
2P

= kntko

npk,

1

= n—Pk[(Pank +PQq )+ nPkan:I

1
= nPk [2Pkn+k +nR, an]_ ll(;:k

= an’
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which completes the proof.

Now, both B, and Q,, are then used to establish integral representations for the Pell number P,

n+r

and Pell-Lucas number Q,, ., as the following theorems.

Theorem 3.5 For nand r are non-negative integers and K is a positive integer, the Pell number P, can

be represented by the integral

Bover =%J‘ (nPQ +PQ, +(n +1)\/§PkP,x)(Qk +\/§ka)nil dx. (3.8)

Proof. Using Lemma 2.2 (1) with m replaced by kn, we get
1
Pkn+r ZE(Panr + Pkan)' (39)

Applying Theorem 3.1 and Theorem 3.4 leads to

2

1
W

Py = 1((”2_?fl(Qk +BRX)" dij P ( [ (Qc+(n+1)VBRX)(Q, +vBRX) de
[ ("RQ, +PQ, +(n+1)vBRPx)(Q +BRx)  dx

which completes the proof.

Theorem 3.6 For nand r are non-negative integers and K is a positive integer, the Pell-Lucas number

Q,.., can be represented by the integral

1

ZMI [(81RP, +QQ, +(n+1)vBRQX)(Q, +VBR, x) " dx (3.10)

an+r =
Proof. Using Lemma 2.2 (2) with M replaced by kn, we get
1
Qunir :E(Qk”Q +8P,P.). (3.11)

Applying Theorem 3.1 and Theorem 3.4 leads to

Qunsr =%((2—1nj_11(Qk +(n +1)J§ka)(Qk +\/§ka) dij +8[ J.ll(Qk ++/8P, x) 1dx] Prj

_ij (87RP, +Q,Q, +(n+1)VBRQX)(Q, +BRX)" dx,

which completes the proof.
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Conclusion

In this paper, we give integral representations of the Pell numbers and the Pell-Lucas numbers by
using Binet’s formula for the Pell and Pell-Lucas numbers. We establish some identities and simple integral
calculus to prove them. Nevertheless, to find integral representations of several integer sequences, such as
the Bell numbers, the Padovan numbers, K — Fibonacci numbers, and the K — Pell numbers, are still open

problems.

Acknowledgement
This work is supported by the Department of Mathematics, Faculty of Science, Ubon Ratchatani
Rajabhat University.

References

Bicknell, M. (1915). A Primer on the Pell sequence and related sequences. Fibonacci-Quarterly, 13(4), 345-
349.

Erduvan, F. and Keskin, R. (2022). Pell and Pell-Lucas numbers as product of two repdigits. Mathematical
Notes, 112(6), 861-871.

Glasser, M. L. and Zhou, Y. (2015). An integral representation for the Fibonacci numbers and their
generalization. Fibonacci-Quarterly, 53(4), 313-318.

Horadam, A. F. (1971). Pell identities. Fibonacci-Quarterly, 9(3), 245-263.

Horadam, A. F. and Mahon, J. M. (1985). Pell and Pell-Lucas polynomials. Fibonacci-Quarterly, 23(1), 7-20.

Koshy, T. (2018). Fibonacci and Lucas numbers with applications. NJ: John Wiley & Sons.

Stewart, S. M. (2022). Simple integral representations for the Fibonacci and Lucas numbers. Australian Journal
of Mathematical Analysis and Applications, 19(2), 1-5.

Stewart, S. M. (2023). A simple integral representation of the Fibonacci numbers. The Mathematical Gazette,
107(568), 120-123.

Trojnar-Spelina, L. and Wtoch, I. (2019). On generalized Pell and Pell-Lucas numbers. Iranian Journal of

Science and Technology, Transactions A: Science, 43(1).

Fvanslee Aol Ing1mans 1/74731//5/7@”5/@1/5‘57%5717


https://www.researchgate.net/scientific-contributions/Iwona-Wloch-76359793?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19

