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Abstract

This paper is concerned with applications of the representations of A, to solutions of certain forms
of systems of partial differential equations. This is achieved by using representations of A, and intertwining
operators. Solutions of the systems of partial differential equations can be found by applying products of the

related operators to 1.
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Introduction

Various methods are considered for the study of differential equations. One of the methods for
studying of differential equations is group analysis (Ovsiannikov, 1978). Many applications of group analysis to
partial differential equations are collected in the Handbook of Lie Group Analysis of Differential Equations
(lbragimov, 1996). Saenkarun, Loutsiouk and Chunrungsikul (2009) studied solutions of some systems of PDEs
through representations of group G,. In this paper, we study solutions of systems of PDEs in certain forms
through representations of group A, which the systems of PDEs are more general form than the system was

studied by Saenkarun (2009). Consider the system of two partial differential equations as follows:

1 a s+1
a _ ()
[h’(x) ax) 270

a a t+1

where h(x) is an odd degree polynomial and s, t are non-negative integers. We will find all solutions of the

system by examining the Lie algebra of differential operators generated by the linear differential operators

N
-~ h'(x)0x

=2 1 hw?
=gy T35,

The system can be written as

AS+1(p — O,

Bt+lgp = 0.

The Lie algebra Z of differential operators generated by A, B and C = [A,B] = AB — BAis the
Lie algebra of a three-dimensional nilpotent Lie algebra, which turns out to be isomorphic to a maximal
nilpotent subalgebra of the simple Lie algebra of class A,. This property of the differential operators A and
B is useful for studying the solutions of the system of PDEs (1) through an examination of the representations
of the Lie group A,. It turns out that the operators AS*Y and BT are intertwining operators for some pairs
of representations of the group A5, and so the space of solutions of the system of PDEs (1) has the structure

of an irreducible finite-dimensional representation of the group A4,.

Research Objectives

1. To study Lie group and Lie algebra of class A,.
2. To study representations of Lie algebra of class A,.

3. To apply representations of Lie algebra A, to solutions of a certain forms of systems of PDEs.
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Matrix generators for the Lie algebra A4,

We consider the 3 X 3 matrix generators for Lie algebra A, as follows:

0 1 0 0 0 0 0 0 1
o -0 0O 0} (0 0 1) [0 0 O
@ 0o o o]k 0 0 0 [ 5B 0 0 0/
0 0 0 0 0 O 0 0 0
e |1 0 0}, _[0 0 0], _[0o o0 o
-a 0o 0 o) 78 0 1 0 [/""@h 1 0 0/
1 0 0 1 0 0
[0 -1 0 (o o0 o0
hy = 0 0 0 e = 0 0 -1

We shall denote by g the Lie algebra of class A, spanned by hl, h2 and the root vectors €, eﬁ,
€q+B: €—q, €—p, €—(q+p), Which correspond to the roots @, B, a + B, —a, =B, —(a + ), where

that positive roots are @, 8, @ + [ and negative roots are —a, —f, —(a + f8) and a simple system of
roots (a, ). Let A be the set of all roots and A* be the set of all positive roots. Let f be a Cartan

subalgebra of g spanned by hl, hz.

The Cartan matrix is

and the corresponding Dynkin diagram is

1 1
O——————————— O

a B

Constructing representations of A, Let G be the Lie group with Lie algebra g. Then
H;(t;) = et where i € {1,2} and E;(t;) = e’ where i € A, are one parameter subgroups of Lie
group G. Using these one-parameter subgroups of group G, we shall now construct some of its subgroups
that will be utilized for constructing some representations of G. The first of these subgroups is a maximal

nilpotent subgroup of group G and is constructed as follows:

Z, = {H Ei(t)lt; e R

ient

For our purpose, we introduce new parameters and we get
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0 h(x) =z
Z+ = <0 0 y);
0O 0 O

where h(x) is an odd degree polynomial.

We also construct another maximal nilpotent subgroup as follows:
Z_ = {1_[ E—i(t—i)lt—i € R}
ieat

The subgroup denoted by H, which is a maximal abelian subgroup of G, is defined as follows:
H = {H,(t)H, (L)t t2 € R},
and the subgroup denoted by B_, which is a maximal solvable subgroup of G, is defined as
B_.=Z_H={z_h|z_€Z_,h € H}.
For (p, q) € C2, we define a mapping apq:H — Cby
Hy (t1)H, (t2) — ePhred®.

By the basic property of the exponential function, Apgisa character of group H. We extend Ap,q

from H to B_ by the rule: for
b_=z_he€eB_,
Z_€Z_,
heH,
apq(b_) = a,q4(z_h) = a,4(h).

For (p,q) € C?, we define an induced representation T*P4 = indg_ap,q. It operates in the

space
Fo, o (G) = {f € C*(O)If (b-g) = apq(b)f(9),b- €B_, g € G}

where C® (@) is the set of all complex-valued smooth functions on G, by

Sy f(R) = f(g™*h),h,g € G.

Because the subset B_Z is dense in G that is every point of G is a limit point of B_Z or a point
of B_Z (Saenkarun, 2009), the functions from the space Fapq(G) are completely determined by their

restrictions to the subgroup Z,.. This allows to realize the representations S *P4 of G in the space C*(Z,).
The respective representation of the Lie algebra g in the space C®(Z,) is realized via the differential

operators as follows: It will be convenient to introduce new parameters. Then we obtain

1 0 9]

B h'(x) 0x

Saz _3’&'
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S 9
B — ay’
@) o 9
S_a—h,(x)a—Z@—Sh(X),
Cz=h@yy a0 9
S‘ﬁ‘( () )ax” oy Vi W

Since Z is a group with 3-dimensional nilpotent Lie algebra over IR, we obtain Z is diffeormorphic
to R3, i.e., there is a bijective map ®: Z, — R3 such that @ and @1 are smooth. Thus we can consider
the subspace of V of all complex-valued smooth functions on R3 for the representation space of this
representation of g.

Denote this representation by (ps't. Note that only 1 is annulled by the above positive root vectors,
so 1, whose weight is Swq + tw,, where W, W, are fundamental weights, is the only highest weight vector
in V. Thus, for (ps’t, where S, t are non-negative integers, applying products of S_,, S_ﬁ to 1, we obtain an
invariant subspace of the irreducible representation of g.

Fors = 1,t = 0, the subspace is spanned by 3 polynomials: 1, h(x), h(x)y — z and for s =
0,t = 1, the subspace is spanned by 3 polynomials: 1,y, z.

Irreducible representations of A,

Let VS be the real vector space spanned by

he(x)(h(x)y — z)Py°z?,
wherea,b,c,d =2 0anda+b <s,c+d<t.

By direct computation, we obtain V5% is invariant under @, Thus @ is a finite-dimensional
representation of g in V5. Since 1, whose weight is Sw; + tw,, is the only highest weight vector of qas't
in VSt and @5 is completely reducible, so @5 is an irreducible representation of g in V5 (Zhelobenko,
1973).

Solutions of the PDEs

As proposed by Saenkarun (2009), let us consider the space C” (G) two representations of the
group G, Syf(h) = f(g~"h) and T,f(h) = f(hg) where h,g € G. Observe that S; and Ty
commute in C*(G) forall g, h € G. Let X be the dual space for the space C”(G), that is the space of
all distributions with compact support on G. Consider in X two representations of the group G conjugate to

Sg and Tg that we shall denote by gg and Tg, where §g = 55—1 and Tg = T;_1, Here * denotes the

adjoint operator, that is, if (f,F) is the canonical bilinear form for the pair COO(G) and X, then
(Af,F)=(f, A"F) for any linear operator A in C*(G), f € C*(G) and F € X.Let 1, be the §-function
on G with support at the identity € of the group G. Then it is easy to see that ggle =14 and Tgle =
1, ) e
implies that Sg1, = Tg-11,.

-1, where 14 is the §-function with support at the point g of G and 1,-1 is the same for g™t This

Because the representations S and T are C *-differentiable, we may consider their differentials, that
is the representations of the universal enveloping algebra U (), which we shall also denote by S and T,

and the conjugate representations will be again denoted by Sand T. In algebra U(R), we consider the
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principal anti-automorphism u — u’ where u’ = —u for u € 8 and (UqUy ... Ug)' = WU g .. U1
Then we get S(w)1, = T(u)1, forallu € U(R).

The space E; = Fap'q(G) ={f €eC”(G)|f(gb-) = az;‘é(b_)f(g), b_€B,g € G} can
be identified as the space of the solutions to the system of PDE T'(x,, ) f = 0, for all y € Il (Ily- the set
of simple roots). T(x — (o — p,x))f = 0, forall x € §, 0 is the signature of the inducing representation
and P the half-sum of all positive roots (Zhelobenko, 1973).

Denote by I; the cyclic submodule in U(2)-module X generated by the elements §(xy)le, for

aly € Iy, S(x — (0 — p,x)1,, forall x € $.

Proposition 5.1 E; is the orthogonal complement for I, with respect to the canonical bilinear form {.,.).
Proof. Let f € E,. Then

<f, Tngﬁ1e> - <Tg—1 f, §x2319> - <stTg_1 £i1,) = <Tg—1SxB f, 1e> = 0, for all B € Tl,,

and (f, TyTy—io—pryle) = (Tg=1f) Soxmio—pryle) = (Tg=1Sx—(o—px)f>1e) = 0, for all x € h.

So that E, © (I;)*.
Reversely, let @ € (I;)*. Then Typ € (I,)*, and

0= <Tg—1(p, Txﬁ1e> _ <Tg—1 " 1e> _ <Sxﬁ(p, Tg1e> - <Txﬁ(p, 1g>, forall g € G.
But this is equivalent to Sy, = 0. Similarly for (0 — p,x), x € h. Thus E; = (I;)*. This is the end of
the proof.

Let 0 € © and x be a positive root such that 0(¥) = N, where N is a positive integer, and let
M, be the Verma module corresponding to @, and 1, is a highest weight vector of weight @ — p in the
module M. Then M;_y, is imbeddable into M, and so there exists SCITV,X in the universal enveloping
algebra of a maximal nilpotent subalgebra of £ spanned by all negative root vectors such that ia_NX =

S(I,\{Xla, where ia_NX is the image of 1,5 _y, under the imbedding (Loutsiouk, 2008).

Proposition 5.2 T(SQZX) is an intertwining operator for E; and Ez, 6’ = a — Ny.
Proof. It is sufficient to show that S(TUIYX)EU CEy. letf €EEs;andy €[]y Then

(S2a0 . ToTey 1) = (T £ T Sy L) = (Tyms £ Ty Ty 1) = (s f T L)

But xyTéYX € I;. So TxyTéYxle € I;. Since T4-1f € Ejg, the last expression is equal to 0.
Let x € §. Then

<ST(§YXf’ TgT(x—<a—Nx—p.x>)1e> = <Tg‘1f' g(Té‘,’X)'T(x—w—Nx—p.x))1e>

= (Tg—lf, T(x—(a—Nx—p.X))Té\.’xle>'

But (x —(c — Ny — p,x))Té\,’X €l,. So T(x—(a—Na—p,x))T,’,Yxle € I, . Therefore the last

expression equals 0, because Tg—lf eE, C I(J,'. This is the end of the proof.
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When ¥ is a simple root, then S{,V,y = Zyy, where for any root 4, Z) is a root vector for A. For the

simple root «,

d
Lif(h) = %TEéﬂ(a)f(h)la:O

- (vt @

— As+1f(h)

is an intertwining operator for Egy 1te, and E(_s_2)w,+(s+t+1)w,- 5O, Vst € Ker I,.

For the simple root f3,

d
Lf (B) = =Ty o (Wlaso

t+1

= ( 0t heo) 2 ) ran
= (5 +r7;) f®
= B f(h)
is an intertwining operator for Eg. 1te, and E(stt+1)w+(=t-2)w, SO VSt € Ker I,.

Then VSt = (Ker 1) N (Ker I,). That is, h*(x)(h(x)y — z)Py°z%, where a, b, c,d = 0
anda+b <s,c+d<t, are all solutions of the system (1), and they are the only solutions of this
system of partial differential equations.

Conclusion
In this paper, we study a method to find all solutions of a certain systems of PDEs by considering
representations of a Lie group A,. We found that the space of solutions of the systems of partial differential

equations

h’(x) ax ¢=0

[aa—y + h(x) 5]

7] d
where S and t are non-negative integers, and the operators —— E + h(x) p generate a Lie

]
’()6

algebra of differential operators, that is isomorphic to a maximal nilpotent subalgebra of exceptional Lie

algebra of class Ay, is the space VS of an irreducible representation spanned by the vectors

he(x)(h(x)y — z)?y¢z% where a,b,c,d = 0anda+ b <s,c+d < t.

For example, let A(x) = x3 and (s,t) = (1,0). Then the space of solutions of PDEs
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1 o7
3x2 dx o
[6+ 36] — 0 2)
oy Xzl P T

is the space V10 spanned by the vectors 1, x3,x3y — z.

In the example, we may find all vectors that span the space of solutions of PDEs (2) V1.0 by applying
62 2t - .S = (EE2) 24y 2yl — (O)y o,
6y ’ _B dx y ay y y

- (3x2) ox (3x2)
By the same method, we claim that the space of solutions of the systems of partial differential

products of S_,

equations

ferao]

0 0
[h(x,y,z)&+@+g(x,y,z)£] o =0,

1
here S and € are non-negative integers, f(x,y,z) = ——, an
W X ) g( V )I g( ];( Y,%) Ix(x,y.7)
g\x,y,2)gz(x,y,z +g xX,¥V,Z
h(x,y,2) = —( =4
( y ) gx(x’y'z)
by the vectors g%(x, y,2)(yg(x,y,z) — 2)Py°z% where a,b,c,d > 0anda + b < s,c+d < t.

For example, let g(x,y,z) = xyz and (s,t) = (1,0). Then the space of solutions of PDEs

), is the space VSt of an irreducible representation spanned

(e )t ] 0

—(x —)—+—+xyz—|op =
y y) ox ay y ¢ =

is the space V10 spanned by the vectors 1, xyz, xy?z — z.

References

Ibragimov, N. H. (1996). CRC Handbook of Lie group analysis of differential equations. Boca Raton: CRC
Press.

Loutsiouk, A. (2008). On extreme vectors of Verma modules over complex semi-simple Lie algebras.

International Journal of Algebra, 2(16), 771- 778.

Ovsiannikov, L. V. (1978). Group analysis of differential equations. New York: Academic Press.

Saenkarun, S. (2009). Application of representations of GZ to solutions of a system of PDE. Journal of
Interdisciplinary Mathematics, 12(4), 589-606.

Saenkarun, S., Loutsiouk, A. and Chunrungsikul, S. (2009). Studying solutions of a system of PDE through
representations of G2. International Mathematical Forum, 9(4), 429-439.

Zhelobenko, D. P. (1973). Compact Lie groups and their representations. Providence: American

Mathematical Society.

avanslag AakIemans un1ImeaeeuasIveTl



