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Lee-Carter Model and Extensions to Forecast Thai Mortality Rate

Natthasurang Yasungnoen'

ABSTRACT

This paper aims to forecast Thai mortality rate using the Lee-Carter and two extension
models: age-period-cohort model and the specific case of the age-period-cohort model. The
parameters of models were estimated by minimizing the negative binomial deviance to fit the
parameters. The assumptions of the death count were based on the equal-dispersion and the
over-dispersion, a Poisson and Negative binomial distribution respectively. The Score Statistics were
used to detect over-dispersion. The iterative fitting model was optimized by the Poisson maximum
likelihood and Negative binomial maximum likelihood taking into consideration the associated
deviance. The author fit the models into Thai population. The appropriate model was selected by
Mean Absolute Error (MAE), Mean Square Error (MSE), Root Mean Square Error (RMSE) and Mean
Absolute Percentage Error (MAPE). The Box-Jenkins methodology was applied to estimate and
forecast time series index with the appropriate ARIMA time series model. The study found that

Thai mortality rate tended to decrease according to increasing age in both male and female.
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Introduction

At present, Thailand is entering the
aged society. Thai population has a tendency
to have a longer life because of advances in
medical technology and healthcare system.
Population is aware and cares about their
own health more than in the past. Therefore,
health quality of the population is better.
Data regarding population structure are
important to country development. In life
insurance business, the trend of mortality
rates is very useful since it involves the
premium and reserve calculation for
insurance company.

In the past, there were several models
to forecast the mortality rate and different
methods to estimate the parameter of the
model. The important principles to fit the
model were composed of the mortality
model and the estimation method. The
elegant mortality model was proposed in
1992 (Li, J. S.-H., Hardy, M. R., and Tan, K. S,,
2009)which was the Lee-Carter model, the
mortality model to fit and forecast the
mortality rate by using the singular value
decomposition, simple method and the time
series applied to forecast the mortality rate.
In 2002, Brouhns et al. (Brouhns, N., Denuit,
M., and Vermunt, J. K2002) presented the
method of parameter estimation of the Lee-
Carter model based on the assumption of the
death count as the Poisson distribution using

the maximum likelihood estimation to fit the

parameters. Renshaw and Haberman (2006).
proposed the age-period-cohort model to
study the mortality rate forecast in the
version of the Lee-Carter model. The fitting
method used maximum likelihood estimates
based on the Poisson error structure,
minimizing the associated deviance. Delwards
et al. (2007) and Li et al. (2009) proposed the
negative binomial models assuming the
death count of the population had negative
binomial distribution which was called over
dispersion for the Lee-Carter model. The Lee-
Carter model and the age-period-cohort
model are widely known to fit and forecast
the mortality rate as shown in (Pittacco, E.,
Denuit, M., Haberman, S., and Olivieri, A,
2009) So in this paper, the author wishes to
investigate the negative binomial models for
the Lee-Carter model, age-period-cohort
model, and the specific-age-period-cohort
model.

The objective of this paper is to fit and
forecast Thai mortality rate by comparing the
Lee-Carter model, age-period-model and
specific- age-period-cohort model. Regarding
the parameter estimation method, the author
considers the Poisson model and negative
binomial model, a distribution of the death
count of the population. Furthermore, the
author wishes to seek for a suitable mortality
mode to fit and forecast Thai mortality rate
and life expectancy. This paper consists of

the following sections: Section 2 presents
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Data and Mortality Model. Section 3
represents Mortality Model. Section 4 briefly
describes fitting Model. Section 5 and 6
present fitting model by the Poisson setting
and negative binomial setting respectively.
Section 7 is devoted to a forecast of
mortality rate and life expectancy. Finally,

Section 8 gives a conclusion of the results.

Data and Mortality Model

The Thai Ministry of Interior is the main
source of the number of age-specific people
in Thai population. The Bureau of Policy and
Strategy, Ministry of Public Health is the main
source of the number of death counts data
during period of 1998-2012. The author
computes the mortality m, ;rate by the
Strategy, Ministry of Public Health is the main
source of the number of death counts data
during period of 1998-2012. The author

computes the mortality M, rate by the
Dyt
ETRy:
T'r\lx't is the nonparametric estimation of

following equation, Ty ¢ = when
My, Dyt is the observed number of
deaths for age X at a year t and ETR, ; is
the exposure-to-risk at the age X, last

birthday during the year t.

391

Mortality Model
3.1 The Lee-Carter Model

In 1992, Lee and Carter presented the
mortality model, called Lee-Carter model,
which is described as the logarithm of the

mortality rate (M ¢ ) :
In(my;) = ay + Buke + exp, (1)

here x = X1, X2, ey Xp as ages, and t =
t1,ty, ..., t, as the calendar years. Where
Q. : the age profile averages overtime, [ :
age-specific represents the mortality rate
which is changing at each age relating to the
changing of k¢, ks ,describing the time series
for the general level of mortality rate. &y ¢ is
the error term. The constraints on the

t

parameters  are
Xp

Zx=x1 ﬂx =1

3.2 The age-period-cohort model

In 2006, Renshaw and Haberman
proposed the mortality model adding the
cohort effect in the Lee-Carter model,

cohort=period-age.

1n(mx’t) = ax + ﬁJEO)lt_x

+BPk, + &y, )
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0 ®
x x

where measures  the

corresponding interaction with age, (;_, is a
random cohort effect that is a function of the
year of birth, t — X, kt is a period effect.
The following restriction is used in order to

estimate the parameter:

X 50) _ 1yt (D) _
inxl x 1’inx1 x 1:
Yere ke =052, 1 =0. 3)

3.3 The special case of age-period-cohort
model (Specific-APC)

This model is a special case of Age-
Period-Cohort model which ,B,EO) =1/n

and ,3,51) = 1/n, n the number of ages.
IN(Myp) = Ay + ey + ke + €0 @
x,t x T by TORKe T Expr

The following restriction is used in order to
. t
estimate the parameter, Ztltl li— = 0,

tTl —_
n, k=0

Fitting Model
4.1 Poisson Setting
4.1.1 Model Fitting
The assumption of the death
counts Dy ¢, where D, ¢ is considered to

have a Poisson distribution:
D, t~Poisson(ETR, ;m, ).

The author fits mortality model by minimizing

the Poisson deviance (Renshaw, A., and

Haberman, S., 2003a; 2003b; 2006) with
standard generalized modeling. The iterative
fitting is optimized by the Poisson maximum
likelihood taken into consideration the
associated deviance (Pittacco, E., Denuit, M.,

Haberman, S., and Olivieri, A.,2009).

DAy de) = ) dev(dyy,d,)
x,t

d, In (ﬁ>
= Se20pe] O \xe ©)
_(dx,t - dx,t)

where dx,t = ETR, M, ; (Mahidol
University Institute for Population and Social
Research.,2018).
4.1.2 Parameter Estimation

To update the parameter for each
model, the author uses the iterative fitting
procedure which was proposed by Goodman

(Goodman, L. A.,1979)

aD

update(0) = 6 — 2% | (6)

22D
262
4.2 Negative Binomial Distribution

The unconditional distribution of Dx,t
is the negative binomial (Yasungnoen, N,

2015). :

(ETRyemy 7))
1+ (ETR, my . 7)
= NBin ()7-1

Dy c~NBin(7~", =)

1
v———]
ETRxltmx_ty+ 1
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The unconditional mean and variance are

E|Dy:] = ETR,ym, (8)
and

Var[Dy ]

= ETRy Myt V(Ex My ). (9)

4.2.1 Model Fitting
The death count variable D, ¢
assumes to be a negative binomial

distribution as follows:

D, ,~NB (r%W). (10)

Standard generalized linear modelling (GLM),
fitting the parameters by maximizing the
likelihood, corresponds to minimizing the
deviance (Madsen, H., and Thyegod, P.,2010)
Thus, the author fits the model by minimizing
the negative binomial deviance (Yasungnoen.
N.,2015). Then, the mortality model is fitted
by minimizing the negative binomial

deviance:

D(dys dyt) = Yurdev(dys dyr) (11)
dycln (%) -

x,t

1 1+ydyt

= Zx,t wa,t

)
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1,ETR,: >0
0,ETR,. =0’
where dx,t = ETR, 1My .

with weight Wy ¢ = {

4.2.2 Parameter Estimation

To estimate and update the parameter

6 in the model, the author applies the
iterative procedure proposed by Goodman
(Goodman, L. A.,1979). In the iterative
procedure, the author can stop the iteration
when the value of deviance function

increases a little (Yasungnoen, N.,2015).

5. Fitting model by the Poisson setting

The author computes the error values
of the fitted mortality rate using the Lee-
Carter model, the age-period-cohort model,
and specific-age-period-cohort in terms of the

number of deaths for the Poisson setting.

Table 1 The error values of the fitted

mortality rate for male

Male
Error

Lee-Carter APC Specific-APC

MAD  0.002303028 0.006534078 0.001846502
MSE ~ 0.000030589 0.005755655  0.000044380
RMSE  0.005530742 0.075866036 0.00666182

MAPE  5.763018238 29.9754896  8.422550608
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Table 2 The error values of the fitted

mortality rate for female

Table 4.2 The values of the Score Statistics

Female
Error

Lee-Carter APC Specific-APC

Lee- Age-period- Specific-
Gender
Carter cohort APC
Male 182.94 5218.5 466.75
Female  209.96 87839.65 502.43

MAD  0.002390818 0.014034036 0.002027081
MSE  0.000040359 0.069088004 0.000095478
RMSE 0.006352863 0.26284597  0.009771269

MAPE 6.701458816 1361.395068 9.301141749

In Table 1 and 2, the entries in bold show the
smallest error values of the fitted mortality
rate with spanning period from 1998-2012.
Next, the author studies a mean-variance
restriction of the number of deaths by using
an over dispersion test to detect
overdispersion. The Score Statistics, proposed
by Dean and Lawless (C.B. Dean.,1992). and
Dean (Dean, C., and Lawless, J. F.,1989) is
used in order to detect overdispersion. The
variance function of the negative binomial

distribution of the mortality model is applied

as follows:
Va,r(dx,t) == E[dx,t] + T[E[dx’t]]z. (12)

To test the negative binomial distribution
data, the hypothesis Hy:T = 0 against
Hy:T > 0. The Score Statistics Q can be

shown as follows:

—-d 2_
Q= Yo t((dot = t)*—dxt) ~N(0,1). (13)

/2 Yxt apzc,t

Table 4.2 shows the values of the Score
Statistics and it is rejected because all p-
values are less than 0.00001. These results
showed that the mortality model allowed
overdispersion. Then, for an alternative
approach, the mortality model should be
considered using the negative binomial

distribution.

6. Fitted mortality result of the negative
binomial setting

The error values of the fitted mortality
rate is calculated from the Lee-Carter model,
the age-period-cohort model and specific-
age-period-cohort model under the Negative
Binomial setting for the death count. The
mortality rate is fitted the period spanning

from 1998-2012.

Table 3 The error values of the fitted

mortality rate for male

Male
Error

Lee-Carter APC Specific-APC

MAD  0.002286686
MSE 0.0000301

RMSE  0.005488895
MAPE  5.677285696

0.001581155
0.000016022
0.004002734
4.316380701

0.002027999
0.000059520
0.007714906
7.819115045
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Table 4 The error values of the fitted

mortality rate for female

Female
Error

Lee-Carter APC Specific-APC

MAD 0.0022692  0.001502511 0.002396202
MSE ~ 0.000036701 0.000032307 0.000119697
RMSE  0.006058168 0.005683893 0.010940605
MAPE  6.329610183 4.240726242 8.485033364

The results in Table 3 to 4 show that
age-period-cohort model gives less error than
the other models. Then, the age-period-
cohort model is chosen to forecast mortality

rate.

7. Forecasting Mortality Rate and Life
Expectancy
7.1 Mortality rate forecasting

A time series model is used to forecast
time mortality index. The Box-Jenkins
method is used to forecast the mortality
index kyand (s, with the appropriate
ARIMA time series model. Several ARIMA
models are compared by checking the
diagnostic, the Ljung-Box Q-test, and then the
appropriate model is chosen.

From the result, age-period-cohort
model and the estimated model ARIMA(0,1,0)
are to be the most appropriate model for k;

and ARIMA(0,1,0) with drift for (_, for
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estimated  model

female data. The
ARIMA(1,1,0) with drift is to be the most
appropriate model for k; and ARIMA(1,0,2)
with drift for {;_, for male data.
Forecasting Model : the age-period-cohort
model

Let k¢ 45,5 = 1,2,3,...,10 be the
forecast mortality index and the estimated
cohort effect, T, z€[t; — X, t, — X1] can
be forecasted by the following equation

(Renshaw, A., and Haberman, S.,2006):

{‘tn—x+s, 0<S<X—X1 (10)

lt,—x+s, s>x-x;

The forecasted mortality rate is as follows:

Myt +s = (15)
B (s — ke,

My X P S X .
+:Bx (ltn—x+s - ltn—x)

The following figure shows the observed
(1998-2012) and the forecasted (2013-2022)
mortality rate by the age-period-cohort

model in assumption of the number of

deaths being negative binomial distribution.
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mortality rate, 000 Dbli H
- i 088
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& 0.02
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observed forecast
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Figure 1: The observed (1998-2012) and the Figure 4: The observed (1998-2012) and the
forecasted (2013-2022) mortality rate at age forecasted (2013-2022) mortality rate at age
5,15,25,35 and 40, for male 45, 55, 65, 75, and 85 for female

0.15

X ;lg KK s 7.2 Life Expectancy Forecasting

The forecasted mortality is applied to

mortality 0.1
rate,
male 0.05

0 calculate the life expectancy. The author

investigates the problem of forecasting from

observed forecast
Figure 2: The observed (1998-2012) and the 2013 to 2022. Life expectancy at birth and
forecasted (2013-2022) mortality rate at age life expectancy at the ages of 5, 10, 15... 80
45, 55, 65, 75, and 85 for male can be found in Table 5 to 6. We note that

the forecasted values of the life expectancy

0003 T tend to increase from 2013 to 2022 both
mortality § gq; AG0EaC
rate,

female

0.001 | male. Moreover, the forecasted life

‘ \é ‘% ‘ \é ‘ ‘ é ‘ ‘% :iz expectancy all age of female are greater than
observed forecast e 40 ma[es_

year

Figure 3: The observed (1998-2012) and the
forecasted (2013-2022) mortality rate at age
5,15,25,35 and 40, for female
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Table 5 The forecasted life expectancy, 2013-2022, males

397

Life Year

Expectancy | 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
At birth 7174 7190 72.04 7219 7233 7246 7259 7271 7284 7295
5 6750 67.65 67.79 6794 68.07 6821 6834 68.46 6859 68.70
10 62.64 62.79 6293 63.07 6320 63.33 63.45 6357 63.69 63.81
15 5782 5796 58.10 5824 5837 5850 58.63 58.75 58.87 58.98
20 5325 53.40 5353 53.67 5380 5392 54.05 54.17 54.28 54.39
25 48.69 48.82 4894 49.06 49.17 49.29 49.39 49.50 49.60 49.70
30 44.18 44.28 4437 4447 4456 44.65 4474 4482 4491 44.99
35 39.75 39.82 39.89 39.96 40.03 40.10 40.17 40.24 40.30 40.37
a0 35.45 3551 3556 3561 3566 3572 3577 3582 3587 3592
45 31.27 3131 3136 3140 3144 3148 31.52 31.57 31.61 31.65
50 2722 2725 27129 27133 2736 2740 2743 2747 2751 2754
55 2336 2339 2342 2345 2348 2351 2354 2357 23.60 23.62
60 19.62 19.64 19.65 19.67 19.69 19.70 19.72 19.73 19.75 19.76
65 16.16 16.17 16.17 16.18 16.18 16.19 16.19 16.20 16.20 16.20
70 13.00 1299 1299 1299 1298 1298 1298 1297 1297 1296
75 10.18 10.17 10.15 10.13 10.12 10.10 10.09 10.07 10.05 10.04

80 779 1775 772 768 764 761 757 753 750 7.46
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Table 6 The forecasted life expectancy, 2013-2022, females

Life Year

Expectancy | 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
At birth | 78.65 78.73 78.82 7890 7898 79.06 79.14 79.22 79.29 79.37
5 74.27 7435 7443 7451 7459 74.67 7475 7482 7490 74.97
10 69.38 69.46 69.54 69.62 69.70 69.77 69.85 69.92 70.00 70.07
15 64.49 6457 64.65 64.73 6480 64.88 64.95 6503 6510 65.17
20 59.65 59.73 59.80 59.88 59.96 60.03 60.10 60.18 60.25 60.32
25 54.81 5489 5496 5503 5510 55.17 5524 5531 5537 55.44
30 50.00 50.07 50.13 50.20 50.27 50.33 50.40 50.46 50.52 50.59
35 4523 4529 4535 4541 4547 4553 4559 4565 4571 4577
40 40.52 40.57 40.63 40.68 40.74 40.79 40.85 40.90 40.95 41.00
a5 35.88 3593 3598 36.03 36.08 36.13 36.18 36.23 36.28 36.33
50 31.35 3139 3144 3148 3152 31.57 31.61 3166 31.70 31.74
55 26.94 2698 27.02 2706 27.10 27.14 27.18 27.22 2726 27.30
60 22.67 2271 2274 2278 2281 2285 2288 2292 2295 2298
65 18.66 18.69 18.72 18.75 1877 1880 18.83 18.86 18.88 1891
70 1494 1496 1498 1500 15.02 15.04 1506 1508 15.10 15.12
75 11.55 1156 11.57 1158 1159 11.60 1161 11.63 11.64 11.65

80 8.67 8.67 867 867 867 867 867 867 868 8.68

8. Conclusion

This paper investigates the parameter

estimation the Lee-carter, age-period-cohort

and specific-age-period-cohort model on two

distribution of the death count. The methods

of parameter estimation are used by

minimizing the Poisson deviance and negative

binomial deviance for the death counts as a

Poisson distribution and Negative binomial

distribution respectively. The results of error

show that the fitted mortality rate by the

age-period-cohort model give the smallest

value. Therefore, the suitable model for

Thailand data is the age-period-cohort model
underlying the negative binomial distribution

of the number of death by the Score Statistic.

It is evidence to insist the data as the

Negative binomial distribution. The forecasted
mortality rate shows a decreasing trend from

past to the future. Moreover, the forecasted
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life expectancy trend to increase both entering the aged society. Thai population
gender. The results confirm that Thailand is has a tendency to longer life in the future.
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