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Abstract 

 In this note, we defined the bisection point, the point 𝛽 on a closed interval [𝑎, 𝑏] with 
a continuous and nonnegative function of real numbers such that the value of the definite 
integral between the [𝑎, 𝛽] and [𝛽, 𝑏] is equal. Furthermore, we present several examples to 
demonstrate how to find the bisection point on a nonnegative polynomial function. 
Keywords: Calculus, bisection point, area problem. 
 
Introduction and Preliminaries 

In 1854, Bernhard Riemann introduced the method known as the Riemann Integral, which 
revolutionized calculus by providing a rigorous framework for finding the area under a curve. This 
concept is the key concept of this note. 

For the importance of this problem, let's first consider a right triangle 𝐴𝐵𝐶 with |𝐴𝐵|  =

 |𝐵𝐶|  =  4 in Figure 1, the area of 𝐴𝐵𝐶 is |𝐴𝐵||𝐵𝐶|

2
= 8. If 𝛽 is a point on the segment 𝐴𝐵 such 

that the perpendicular line halves the area of 𝐴𝐵𝐶, then the right triangle of base 𝐴𝛽 is 4. Thus 

4 =
|𝐴𝛽|2

2
 or |𝐴𝛽| = 2√2. However, if 𝐴𝐶 is a section of the curve 𝑥2

4
, see Figure 2, it is not 

possible to use geometric methods to determine to value of 𝛽.  Therefore, we use calculus to 
solve the problem. We recall the fundamental theorem of calculus. 

Theorem 1 . ( The Fundamental Theorem of Calculus, part II) If 𝑓 is a real-valued continuous 
function on the closed interval [𝑎, 𝑏] and 𝐹 is the indefinite integral of 𝑓 on [𝑎, 𝑏], then 
 

∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎). 

From Theorem 1, if 𝑓 is also a nonnegative function, 𝐹(𝑏) − 𝐹(𝑎) becomes the area 
enclosed by the curve 𝑓 and the 𝑥-axis from 𝑎 to 𝑏. Therefore, we use the integration to get 
some facts of the value 𝛽 in [𝑎, 𝑏] such that the area between 𝑓 and the 𝑥-axis from 𝑎 to 𝛽 and 

𝛽 to 𝑏 are equal. 
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Fig. 1: Right triangle 𝐴𝐵𝐶 

 
Fig. 2: The modifies 𝐴𝐶 to curve 

 
Main Results 
 First, we show theorem of bisection point for confirming the existence of the bisection 
point of half area between 𝑓 and the 𝑥-axis. 
Theorem 2. (The Bisection Point Theorem) Let  𝑓: [𝑎, 𝑏] → ℝ be a continuous and nonnegative 
function and 𝐹 is an antiderivative of 𝑓. If 𝐹 is injective, then there exists uniquely 𝛽 ∈ [𝑎, 𝑏] 
such that, 

 

𝐹(𝛽) =
𝐹(𝑎) + 𝐹(𝑏)

2
. 

Proof.  Let  ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐴 ∈ ℝ+. Then there exists 𝛽 ∈ [𝑎, 𝑏] such that 

∫ 𝑓(𝑥)𝑑𝑥
𝛽

𝑎

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝛽

=
𝐴

2
. 

If there exists 𝛽1, 𝛽2 ∈ [𝑎, 𝑏] such that 

∫ 𝑓(𝑥)𝑑𝑥
𝛽1

𝑎
= ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝛽1
=

𝐴

2
, and ∫ 𝑓(𝑥)𝑑𝑥

𝛽2

𝑎
= ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝛽2
=

𝐴

2
. 

Thus, ∫ 𝑓(𝑥)𝑑𝑥
𝛽1

𝑎
= ∫ 𝑓(𝑥)𝑑𝑥

𝛽2

𝑎
. So, 𝐹(𝛽1) = 𝐹(𝛽2). Since, 𝐹 is injective, 𝛽1 =  𝛽2 . 

Then there exists uniquely 𝛽 ∈ [𝑎, 𝑏] such that 

∫ 𝑓(𝑥)𝑑𝑥
𝛽

𝑎

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝛽

. 

From theorem 1, 𝐹(𝛽) − 𝐹(𝑎) = 𝐹(𝑏) − 𝐹(𝛽).       

 From Theorem 2, if the antiderivative 𝐹 of 𝑓 isn’t injective, then the value 𝛽 ∈ [𝑎, 𝑏] such 
that 𝐹(𝛽) =

𝐹(𝑎)+𝐹(𝑏)

2
   is no need to have a single value. For example, 𝑓(𝑥) = 0, we have 

𝐹(𝛽) =
𝐹(𝑎)+𝐹(𝑏)

2
 for any 𝛽 ∈ [𝑎, 𝑏]. So we get the Corollary 1 as the following. 
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Corollary 1. Let  𝑓: [𝑎, 𝑏] → ℝ  be a continuous and nonnegative function and 𝐹  is an 
antiderivative of 𝑓. Then there exists 𝛽 ∈ [𝑎, 𝑏] such that 𝐹(𝛽) =

𝐹(𝑎)+𝐹(𝑏)

2
. 

 From Theorem 2, the definition of a bisection point is the following. 

Definition 1. Let 𝑓: [𝑎, 𝑏] → ℝ be a continuous and nonnegative function and 𝐹 is an 
antiderivative. The point 𝛽 ∈ [𝑎, 𝑏] is said to be a bisection point of [𝑎, 𝑏], 
if 𝐹(𝛽) =

𝐹(𝑎)+𝐹(𝑏)

2
.  

 In the case of the simple polynomial 𝑓(𝑥) = 𝑚𝑥𝑛−1 where 𝑛 ∈ ℕ, 𝑓 is a continuous and 
nonnegative function on [0, ∞), forming an area akin to a triangle with a curved section. We have 
discovered some interesting results regarding bisection points that depend on the degree 𝑛, but 
not on the coefficient 𝑚.  
Theorem 3. Let 𝑚 ∈ ℝ  and  𝑛 ∈ ℕ . If  𝑓(𝑥) = 𝑚𝑥𝑛−1  and 𝛽  is a bisection point of [0, 𝑎] , 
then 𝛽 =

𝑎

√2
𝑛 . 

Proof.  Let 𝐹  be an antiderivative of 𝑓  with a bisection point 𝛽 ∈ [0, 𝑎] , then 𝑚𝛽𝑛

𝑛
=

𝑚𝑎𝑛

2𝑛
.  

Thus 𝛽 =
𝑎

√2
𝑛 .            

For example, if 𝑓(𝑥) = 𝑚𝑥 is the right triangle in [0,1], then the bisection point is always 
𝛽 =

1

√2
  for arbitrary 𝑚, see Figure 3. Further, we show the solution of Figures 1-2, the bisection 

points of 𝑥 and 𝒙𝟐

𝟒
 are 4

√2
 and 

4

√2
3  , respectively, see Figure 4. Furthermore, if 𝑓(𝑥) = 𝑚𝑥𝑛−1  at  

𝑛 →  ∞  and 𝛽 is a bisection point of [0, 𝑎], then 𝛽 = lim
𝑛→∞

𝑎

√2
𝑛 = 𝑎.  

 
 

Fig. 3: The unique bisection points of right triangle 𝑓(𝑥) = 𝑚𝑥 on [0,1],  
where 𝑚 ∈ {

1

4
,

1

3
,

1

2
,

2

3
, 1,

3

2
 }  
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Fig. 4: The bisection points of 𝒙 and 𝒙𝟐

𝟒
 

 
Next, we consider on the linear polynomial 𝑓(𝑥) = 𝐴𝑥 + 𝐵 on [0, 𝑎]. If 𝛽 ∈ [0, 𝑎] is the 

bisection point, by  Definition 1, we have 𝐴𝛽2

2
+ 𝐵𝛽 =

𝐴𝑎2

4
+

𝐵𝑎

2
. Thus 𝐴𝛽2

2
+ 𝐵𝛽 − (

𝐴𝑎2

4
+

𝐵𝑎

2
) =

0, and implies that 𝛽 = (−𝐵 ± √𝐵2 +
𝐴2𝑎2

2
+ 𝐴𝐵𝑎) /𝐴  . So, inferring that the bisection point is 

the complex pattern, if 𝑓 is binomial with terms more than 1. We will use the SciLab program 
(Ver. 6.1.0) to present examples for estimating bisection points of polynomial functions in addition 
to 𝑚𝑥𝑛−1 for any interval [𝑎, 𝑏], following as Table 5. 

Table 1: Examples for estimating bisection points of some polynomial functions. 

𝒇(𝒙) 𝒂 𝒃 𝜷 (estimate) 𝑭(𝜷) − 𝑭(𝒂) 𝑭(𝒃) − 𝑭(𝜷) 

(𝒙 − 𝟏)𝟑 1.5 5 4.363791 31.992189 31.992185 

−𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙 + 𝟓 -1 3 1.670268 19.999999 20.000000 

𝒙𝟒 − 𝟑𝒙𝟑 + 𝟓𝒙𝟐 − 𝟕𝒙 + 𝟗 0 2 0.854617 5.866665 5.866667 

𝟑𝒙𝟓 − 𝟕𝒙𝟒 − 𝟐𝟒𝒙𝟑 + 𝟔𝒙𝟐 + 𝟐𝟎𝒙 + 𝟏𝟐 -1.8 -0.2 -1.264942 41.182208 41.182207 

−𝟒𝒙𝟔 + 𝒙𝟓 − 𝒙𝟒 − 𝟑𝒙𝟑 + 𝟑𝒙𝟐 − 𝒙 + 𝟏𝟎 -1 1 -0.107619 10.228571 10.228570 

 𝟓𝒙𝟕 − 𝟐𝒙𝟔 − 𝟔𝒙𝟓 + 𝒙𝟒 − 𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟒𝒙 + 𝟐 -1 1 0.321644 2.914283 2.914288 

 From Table 5, we can use Theorem 2 for any polynomial function on small interval [𝑎, 𝑏] 
and 𝛽 is the estimated bisection point, such that 𝐹(𝛽) −  𝐹(𝑎)   ≈  𝐹(𝑏)  −  𝐹(𝛽), but for a 
large distance interval [𝑎, 𝑏], the bisection point is difficult to find. The estimated value to be 
close to the bisection point is necessary. 
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Conclusion 
In this note, we defined and proved the existence of bisection points for continuous and 

nonnegative functions. We presented formulas for determining the bisection points of the 
polynomial 𝑓(𝑥) = 𝑚𝑥𝑛−1   Finally, numerical examples were provided to illustrate finding 
bisection points on nonnegative polynomial functions. However, for other types of functions 
where bisection points are not explicitly estimated, an algorithm for estimation can identify 
bisection points within any interval. 
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