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The solutions of the Diophantine equations
11* — 3Y = z? and 14* — 37 = Zz2
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Abstract
In this paper, we study all solutions of the Diophantine equations 11* — 3¥ =z and
14* — 3Y = z%, where x,y and z are non-negative integers. By using the elementary concepts of
congruence and Mihailescu’s Theorem, we show that the Diophantine equation 11* — 3¥ = z2 has
the unique non-negative integer solution (x,y,z), which is (0,0,0). The Diophantine equation
14* — 3Y = z% has exactly two non-negative integer solutions (x,y,z), which are (0,0,0) and
(2,3,13).

Keywords : Diophantine equation, Congruence, Mihdilescu’s Theorem, Non-negative integer

solution

Ui

aaunaunshalownulni 2* — 3¥ = 22 finalaay

Y
[
=

Sruaududilihiduau (x,y,2) a@uuaiaas feil (0,0,0),(1,0,1) wag (2,1,1) warluldaui Burshtein
(2020) lauanadnaunisialownulnig 13% — 57 = 22 InalRaud1uIANUINNEIHALIRAELAEY A
(x,y,2) = (2,2,12) wazaunsialawnulnd 19 — 5Y = 22 liflnawasiuuduuln Tul A 2021-
2022 Thongnak et al. (2021, 2022) laugnsinaunisialownulni 7% — 5 = 22 uay 7% — 2¥ = 22
finataassuuduiliiduauifivwnalaasiiion fe (x,y,z) = (0,0,0) TuU A.A. 2022 Rao (2022)
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0

Received: May 18, 2024 Revised: November 09, 2024
Accepted: November 29, 2024 Published: December 27, 2024



Journal of Science and Technology Phetchabun Rajabhat University Volume 4 Number 2 (2024)

Tguansinaunisialownulnyg 23* — 197 = 22 Snamasswiwdudiliduau (x,y, z) downalnas i
(0,0,0) uag (1,1,2)

Tt A 2023 Tadee (2023) lofigaudaunisialeunulnig 9% — 37 = 22 Tnaasduauiud
liduau nanafe (xy,2) € (o, 2r, 0} o r 1Wusrvrmduiiliifuavuazaunislalownulng
13% — 77 = 22 finamasswubuiildduauiiowawasiien e (x,y,2) = (0,0,0) uaz Kaewong et
al. (2023) lsfigaviaunislalowiulmg 297 — 37 = 22 fuaasdnnudiniiliiduauifivmwainasifie
#9 (x,y,2) = (0,0,0) TuliAeaifuil Gope (2023) ldfigatitaunmslalouniulni 277 — 117 = 22 fina
wagsunuiuildduau (x,v,z) dowalaay @A (0,0,0) way (1,1,4) LLazuaﬂmm‘j Chuayjan et al.
(2023) luansinaumsialownulng 3% — 57 = 22 fuawavswauduiildduau (x, y, 2) dowalnay
Ao (0,0,0) wag (2,1,2)

waziiiel$aq 4 Siraworakun and Tadee (2024) l@uansinaunislalownulne 25% — 7% = 22
finarnassiuawduiiliduay (x,y,2) @odnaiaas Aa (0,0,0) wag (2,2,24) wag Thongnak et al.
(2024) luansiraumsialownulng 5% — 37 = 22 finawassnuduiilifuau (ny, 2) aunamas
A9 (0,0,0),(1,0,2) way (2,2,4)
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Tun1sunainageesauniIsialawnulni 11* —3Y = 22 uay 14* —3Y =22 1l x,y way z
[ o < Al [~ & ¥ 91.«.:941 a [y a a
Judusuinliiluavduagldnnuinugiuieiiuaunia (congruence) kagnguiunveiilaiaan

(Mihailescu’s Theorem) Asiu Turiadetiagnumuunienuuasnguunaanand fesetudl

unileny 1 (Burton, 2010, p. 63) 14 n 1udaufsuin agna1inagessuiufisl a wag b @unA *se

¢ a Y i o
AouUNLed Uanla n WWeunusig a = b (mod n) Wie n 13 a — b a9

nQufun 1 (Burton, 2010, p. 65) 19 n > 1 uas a, b, ¢, d {Wuudn 9zlan
1) a = a (mod n)
2)t a=b (modn) Wa3 b = a (mod n)

3)0 a=b (modn) Wae b = ¢ (mod n) Wa? a = ¢ (mod n)

o a=b(modn) wat c =d (modn) wWa3 a + b = ¢ + d (mod n) way
ab = cd (mod n)

5 0 a=b(modn) wa? a+c = b + ¢ (mod n) Wae ac = bc (mod n)
6) & a = b (mod n) ud1 a* = b* (mod n) \ile k \Husurwfinuan
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nguiun 2 1 a 1udnudu 92l a? = 0,1 (mod 3)

Wea o9 a Wusuudy et - € {0,1,2) F99111% @ = r (mod 3)
nsdf 1:r =09l a2 =02 =0 (mod 3)

nszﬁﬁ 2:r=13l@n a2 =12 =1 (mod 3)

nscﬁﬁ r=23lnna?=22=4=1 (mod3)

Aatiuannsaunsilasuladn a? = 0,1 (mod 3)

naufiun 3 1% y Wudwudndiliiduau agléin 37 + 1= 2,4 (mod 8)

gl

nsdlil 1: y 1Juduoug Fruasiisuauduiliifuau h 39il% y = 2k 2lé
3¥4+1=3"+1=1"+1 =2 (mod 8)

nsei 2: y Busuud dadussiisuauduiliduau | 8ol y = 20 + 1 98ld
3¥+1=32"*14+1=3-1"4+1 =4 (mod 8)

Seduaniisaosnsdiaguléd 3¥ + 1= 2,4 (mod 8)

wananiaziauednuilimguiiiiuvnumdidglunsmuaeasvasaunisialownulni naee
NawUN 4 (Mihailescu’s Theorem) (Mihailescu, 2004) aunstalownulnil a* —b? =1, \dle a,b,x

way y Wudwudy 1nef min{a, b, x, y} > 1 dnamasiiiewamantiel Ao (a,b,x,y) = (3,2,2,3)

NAN15398
lunsAnuiasmrarassuduilluay (v y,2) vesaumsialownulng 11% — 37 = 22
Wag 14% — 3¥ = 72 U ENIINNTHgIaemauiunselull nafe quiun 5 uay 6 Liefazih

aowmguunilulgaslunsigaininaengvetaesaunisnana

nufun 5 1% o 1udunduuan Taedl n > 1 agldiaumslalowrulni n* — 1 = 22 finalaas
Fuduiliduau (x,2) Ao (0,0) uag (1,va—1) o va =1 \duduius

gy 1 x uay z Wudmnudndiliduay Soihlf n* —1= 22 Wien* —22 =1

NSO 1: x = 0 9¥lé 22 = 0 Fat z = 0 Thufe (x,2) = (0,0)

NSO 2: x = 1 9l 22 = n— 1§ty z = VA = 1 Tufe (x,2) = (1,vn—=1)

o v =1 uduouda

ASAN 3: x > 1 uazan n > 1931791 22 = n* — 1> 1 dtu z > 1 Fadululile WWeswnvguijun 4

naufiun 6 11 n 1udwduuin Iaeil n > 1 uae ged(n, 3) = 1 wasl x,y waz z \Judwauhud
laiuau Tyl n* — 3¥ = 22 2¢l@31 81 y > 0 uay n = 2(mod 3) waravilswlwdunlaidiluau k

FWNA x =2k waz 2-nk =3Y +1
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Wgaul W y > 0 uag n = 2(mod 3) 9£lA31 3¥ = 0(mod 3) waz n* = 2% = (=1)* (mod 3)AWAWU

LAZRIN 22 = n¥ — 3Y NS waviY 22

A Seiu szisuoudnilidfuay k ol x = 2k fadu n2k — 37 = 22 2glE
3Y =n? — 722 = (n* — 2)(n* + 2)

waza1n 3 Wuduueny fil azisruudunliduay u 3919 nk — z = 3% wag nk + 2z = 37

(1) * — 0 (mod 3) wazanngefun 2 azlein x Wudnu

WAy —u > u 8 y > 2u INS1ERvtiu 2 - nk = 3Y% 4 3% = 3u(3Y72U 4 1)

waziilesann ged(n,3) = 1 A9tU 3 115 2 - nk ldasia ms1gastiuu =0 aglan 2-nk =3Y + 1

nufiun 7 aunslelowsiulmi 11% — 37 = 22 fnawasdwouduiiliibuay (xy, 2)1swalaaelfen
Ao (0,0,0)

wgad W x,y uay z udwnuduiliiduay Joild 115 -39 = 22

nsdift 13 y = 0 a8l 117 — 1 = 22 uagann V0 ldusnudy waeastulnenguiun 5 agléh
(x,y,z) =(0,0,0)

NI 2: y > 0 uazan 11 = 2(mod 3) Fadulaeanguiun 6 fsuiuiliiuau k Sehls x = 2k
uay 2-11% = 3% + 1 2¢ldd1 2+ (—1)¥ = 1 (mod 3) ws1zaviiu k Wusud aeisuousiuilidy
au s Byl k = 25 + 1 9¢ld91 2-11F = 2- 112541 = 21115 = 22 = 6(mod 8) Fviu 2- 1% =
2 (mod 4) wawiilosnn 3¥ +1 = (=1)¥ + 1 (mod 4) Fathy 2 = (=1)” + 1 (mod 4) awldn y 1Ju
F1uaug axddnuiuiliduay ¢ Foild y = 26 9gldin 3V +1=3% 41 = 1° + 1 = 2(mod 8)
WSl 6 = 2 (mod 8) Fadululallg

ﬁqﬁumﬂ‘ﬁﬂaaaﬂiﬁagﬂlﬁdﬂammﬂmhwalul‘wﬁ 11% — 3¥ = 22 fnawasswauduiliduau (ny, 2)

WiggwaleagLnel Ao (0,0,0)

ngufjun 8 aunislalewnulny 14* — 3Y = 22 dnawasdwudiuiliduau (x,y,2) Wissdowataay
Ao (0,0,0) way (2,3,13)
wgal W x, y uae z \Judnusuiliduau Faili 14% — 3Y = 22

A . - U\lyu x 2 o vL-cz ° < uugi a vayu
NS 1: y = 0 92197 14% — 1 = 22 wazan V13 Lildudwudy msizaztulaenguiun 5 9zledn
(x,y,2) = (0,0,0)
nSMN 2: y > 0 UaraIn 14 = 2(mod 3) Mstiulpevguiiun 6 Tawuduildduau k F9vili x = 2k

way 2- 14k =3Y + 1
SE 2.1: k = 0 a¥lein 37 = 1 dadu y = 0 Faduldlalls
NSEIM 2.2: k = 1 9¥lé x = 2 wag 37 = 27 fatl y = 3 nszastil 22 = 142 — 33 = 169
arléi 7 = 13 ufe (x,y,2) = (2,3,13)
ST 2.3 k > 2 921691 2+ 14% = 0 (mod 8) Feifu 3¥ + 1 = 0 (mod 8) FaufulUlallé
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Wigadeanalaay s (0,0,0) way (2,3,13)
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Sruauduildifuau (xr, y, 2) esmamasiios @ (0,0,0) wazaunisialownulny 14% — 3¥ = 22
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figninguiundinanaldanuiiiuguietvauniauasnguiunvesiileiaag uasdefiuiaulaly
nsinwsell fo niswinamassuaubuiildifuavresaunisialownulng n* — 37 = 22 \len

@ o < & o & a1 g
Wudnuduuin wag x, y, z \Wudwuauildiduau

AnAnIsUUTENIA
YovauAnaNTUITowA AL warAnsIeImansuasnalulal uninedesyiguwnansi

¥

Tnsatuayunsinideluassil

LONA181989

Burshtein, N. 2020. All the solutions of the Diophantine equations 13* — 5Y = z%,19* —5Y = z2
in positive integers x,y,z. Annals of Pure and Applied Mathematics, 22(2): 93-96.

Burton, D.M. 2010. Elementary number theory. 7" ed., New York: McGraw-Hill.

Chuayjan, W., Thongnak, S. and Kaewong, T. 2023. On the exponential Diophantine equation 3* —
57 = z%. Annals of Pure and Applied Mathematics, 28(1): 25-28.

Gope, R.C. 2023. On the exponential Diophantine equation 27* — 11¥ = z2 . Journal of Physical
Sciences, 28: 11-15.

Kaewong, T., Chuayjan, W. and Thongnak, S. 2023. On the exponential Diophantine equation
29% — 3Y = z2. International Journal of Latest Technology in Engineering, Management &
Applied Science, 12(11): 74-76.

Mihailescu, P. 2004. Primary cyclotomic units and a proof of Catalan’s conjecture. Journal ftir die
Reine und Angewandte Mathematik, 572: 167-195.

Rao, C.G. 2022. On the exponential Diophantine equation 23* — 19¥ = z% . Journal of Physical
Sciences, 27: 1-4.

Siraworakun, A. and Tadee, S. 2024. All solutions of the Diophantine equation 25% — 77 = z2.
International Journal of Mathematics and Computer Science, 19(3): 631-633.

Tadee, S. 2023. A short note on two Diophantine equations 9% —3Y = z% and 13* — 7Y = z2.
Journal of Mathematics and Informatics, 24: 23-25.

Thongnak, S., Chuayjan, W. and Kaewong, T. 2019. On the exponential Diophantine equation 2* —

3Y = z2. Southeast-Asian Journal of Sciences, 7(1): 1-4.

16

——
| —



Journal of Science and Technology Phetchabun Rajabhat University Volume 4 Number 2 (2024)

Thongnak, S., Chuayjan, W. and Kaewong, T. 2021. The solution of the exponential Diophantine
equation 7*¥ —5Y = z2 . Mathematical Journal by The Mathematical Association of
Thailand under the Patronage of His Majesty the King, 66(703): 62-67.

Thongnak, S., Chuayjan, W. and Kaewong, T. 2022. On the Diophantine equation 7% — 2¥ = z?2
where x,y and z are non-negative integers. Annals of Pure and Applied Mathematics,
25(2): 63-66.

Thongnak, S., Kaewong, T. and Chuayjan, W. 2024. On the exponential Diophantine equation 5% —

3Y = z2. International Journal of Mathematics and Computer Science, 19(1): 99-102.

17

——
| —



